[1] Hydrodynamic dispersion is a key controlling factor of solute transport in heterogeneous porous media that critically depends on dimensionality. The transverse macrodispersion (asymptotic dispersion transverse to the mean velocity direction) is known to vanish only in 2-D and not in 3-D. Using classical Gaussian correlated permeability fields with a lognormal distribution of variance 2 Y , we determine numerically the longitudinal and transverse dispersivities as functions of heterogeneity and dimensionality. We show that the transverse macrodispersion steeply increases with 2 Y underlying the essential role of flow lines braiding, a mechanism specific to 3-D systems that we qualitatively characterize by the increasing expansion of the flow lines transversally to the flow direction. The transverse macrodispersion remains however at least two orders of magnitude smaller than the longitudinal macrodispersion, which increases even more steeply with 2 Y . At moderate to high levels of heterogeneity, the transverse dispersion also converges much faster to its asymptotic regime than do the longitudinal dispersion. Braiding cannot be thus taken as the sole mechanism responsible for the high longitudinal macrodispersions. It could be either supplemented or superseded by stronger velocity correlations in 3-D than in 2-D. This assumption is supported by the much larger longitudinal macrodispersions obtained in 3-D than in 2-D, up to a factor of 5 for 
Introduction
[2] Hydrodynamic dispersion is a major component of solute transport in geological media controlling the relative solute distribution [Bear, 1973; Saffman, 1959] as well as the mixing-induced chemical reactivity Cirpka and Kitanidis, 2000; Cirpka et al., 2011; de Dreuzy et al., 2012b; de Simoni et al., 2005; Jha et al., 2011; Le Borgne et al., 2010 . It results from the variability and the correlation of velocity fields over evolving scales from the pore scale to the aquifer scale [e.g., Dagan, 1989; Gelhar, 1993; Lallemand-Barres and Peaudecerf, 1978; Neuman et al., 1987; Rubin, 1990; Taylor, 1953] . Hydrodynamic dispersion appears to be a Fickian process where the diffusion coefficient is replaced by an equivalent dispersion coefficient, which increases with time as the solute plume samples the heterogeneity field.
[3] The relation of geological heterogeneity to dispersion processes has been extensively analyzed in correlated multi-Gaussian log-permeability fields taken as an idealized model both simple enough to lead to general conclusions and complex enough to disclose some of the relationships between heterogeneity and dispersion [e.g., Dagan,1 9 8 4 ; Delhomme,1 97 9; Freeze,19 7 5; Gelhar and Axness, 1983] . The logarithm of permeability Y x ðÞ¼ln K x ðÞ ðÞ follows a normal distribution of variance 2 Y following a simple correlation pattern. Here we will be considering a simple isotropic Gaussian correlation function such as:
where Y 0 x ðÞ¼Y x ðÞÀh Y i, hi marks the spatial average and is the correlation length. Whenever heterogeneities are bounded and their correlation limited, dispersion reaches an asymptotic regime characterized by an asymptotic dispersion coefficient also called macrodispersion. Perturbation expansions of the flow and advection-diffusion equations have shown that macrodispersion is strongly anisotropic [Dagan, 1984 [Dagan, , 1989 Dentz et al., 2000; Gelhar and Axness,1 9 8 3; Hsu,2 0 0 3; Neuman and Zhang,19 90; Rubin, 1990] . In the direction longitudinal to the mean velocity, the macrodispersion D LA is proportional to the correlation length times the lognormal permeability variance:
with <v> the mean velocity. The factor ffiffi p 2 comes from the Gaussian-type of the correlation and the chosen definition of the correlation function of equation (1). In the transverse directions, the macrodispersion D TA is zero in the absence of local diffusion, i.e., when the local Peclet number is infinite or equivalently when velocity heterogeneities are the sole source of dispersion :
[4] These analytical estimates have been derived both in 2-D and in 3-D for small enough permeability heterogeneities ( 2 Y < 1). They have been confirmed in 2-D by numerous numerical studies [Dentz et al., 2002; Rubin, 1990; Schwarze et al., 2001] and have even been found to be robust for values of 2 Y as high as 1.6 [Bellin et al., 1992] and even higher for spherical inclusion systems [Jankovic et al., 2003] . At higher heterogeneity levels (1 < 2 Y 9), the absence of transverse dispersion in 2-D has been confirmed both by homogenization theory and numerical simulations [Attinger et al., 2004; Lunati et al., 2002] . The basic argument is that, in 2-D without local diffusion, the solute plume is constrained within a given flow tube of finite and stable transverse dimension that strictly limits the dispersion. On the contrary for the longitudinal macrodispersion, numerical simulations have shown that it can be up to three times larger than the analytical estimate and that it scales with the square of 2 Y for 2 Y ! 2 . The strong increase of the macrodispersion solely comes from the structure of the flow lines because of the absence of local diffusive and dispersive processes. It is linked to the wider velocity distributions and to the higher-order velocity correlations like the dependence of the velocity correlation on the velocity magnitude [Englert et al., 2006; Le Borgne et al., 2007] .
[5] In 3-D, full transport simulations on the linearized flow equation show that the transverse macrodispersion D TA is significantly nonzero [Dentz et al., 2002; Schwarze et al., 2001] , which proves to be consistent with predictions based on Corrsin's conjecture [Neuman and Zhang, 1990] , and coarse-graining arguments [Attinger et al., 2004] . For spherical inclusion systems, the transverse macrodispersion is also nonvanishing but it remains small. It becomes critically larger for elongated ellipsoids [Jankovic et al., 2003 [Jankovic et al., , 2009 . If it has been well established that the transverse macrodispersion is nonzero, open questions remain on its magnitude as well as on the magnitude of the longitudinal macrodispersion and on their behavior for higher heterogeneity levels ( 2 Y > 1). We address these issues with 3-D extensive simulations of the full flow and transport equations that go far beyond the previous attempts [Chin and Wang, 1992; Tompson and Gelhar, 1990; Trefry et al., 2003; Zhang and Seo, 2004] .
Model and Methods
[6] The permeability field (1) is generated within a rectangular parallelepiped of dimensions L L ÂL T1 ÂL T2 at the same resolution Á in all directions using a spectral method through the fftw library [Frigo and Johnson,2005; Gutjahr, 1989] . The indices ''L'' , '' T1'' an d ''T2'' stand for the three orthogonal directions of the parallelepiped and symbolize the direction ''L'' longitudinal to the main flow direction (defined just after) and the two directions ''T1'' and ''T2'' orthogonal to it. The flow equation r Krh ðÞ ¼ 0i ss o l v e d with fixed heads h þ and h-on the faces orthogonal to the longitudinal direction L. Periodic boundary conditions on the other transverse faces minimize the perturbation of the flow field generally reported under no-flow boundary conditions [Englert et al., 2006; Salandin and Fiorotto, 1998 ]. The flow equation is discretized by a finite-volume scheme with a harmonic composition rule of the permeability between adjacent mesh cells [Chavent and Roberts,1 9 9 1 ; Roberts and Thomas, 1991] . The resulting linear system is solved with the parallel algebraic multigrid method of HYPRE [F a l g o u te ta l . , 2005] . Velocity v at the grid center is derived from the hydraulic head h by Darcy's law v ¼ÀK=rh.P o r o s i t y is chosen uniform and the mean flow velocity <v> is taken parallel to the direction L.I t s norm k<v>k is equal to K eq = ÀÁ jh þ À h À j=L L with K eq the equivalent permeability [Matheron, 1967] . Transport is restricted to the sole advection process and is simulated by a first-order explicit particle tracking method [Kinzelbach, 1988; van Kampen, 1981] . Between t and tþdt, a particle moves from the position x(t) to the position x(tþdt) according to x t þ dt ðÞ ¼ x t ðÞþvx t ðÞ ½ dt where the velocity v in each point is obtained with a linear interpolation in each direction from its grid values [Pollock, 1988] . The time step dt is adapted along the particle trajectory to the magnitude of the local velocity so that the particle takes on average 10 steps within each grid cell [Wen and Gomez-Hernandez, 1996] . Particles are injected on a large plane of size 0.8 L T1 Â0.8 L T2 orthogonal to the direction L located at least at five correlation lengths downstream from the side of the system to avoid border effects on the velocity statistics. Particles are injected proportionally to the flow through the plane to speed up the convergence to the asymptotic regime. Effective dispersivities derived from the dispersion coefficients divided by the mean velocity k<v>k and the correlation length of the isotropic Gaussian correlation function (equation (1)) are determined from N R realizations of the permeability field with N p particles for each realization according to:
(4) where x j;i k is the position of the particle j in the simulation i in the direction k at time t. For consistency we have normalized the time t by =khvik and kept the same notation t for simplicity. As we have systematically checked that T1 ¼ T2 , we report results only for one of them that we generically denote T . To reach large enough domain sizes and number of simulations, all numerical methods have been implemented in parallel [Beaudoin et al., 2005 [Beaudoin et al., , 2010 Erhel et al., 2008 Erhel et al., , 2009 . More details on the methods and their implementation can be found in similar previous studies on 2-D macrodispersion [Beaudoin et al., 2006; .
[7] We have extensively studied the convergence as a function of the numerical parameters of the model including the number N p of particles, the number N R of realizations and the resolution =Á of the permeability field. We synthesize the convergence analysis in Figure 1 which shows the time-dependent dimensionless dispersivities in both the longitudinal and transverse directions for different parameter sets at 2 Y ¼ 6:25. The black line stands for the reference simulation with N p ¼10 4 , N R ¼500 and =Á¼10. Each of the other curves illustrates the modification of dispersivities when altering one of those reference parameters, all other parameters kept constant. The number of particles N p is increased by a factor 10 (green curve). The number of realizations is decreased from 500 to 250 (blue curve). The resolution =Á increases from 10 to 20 (red curve). Overall, the different cases show limited variations with time without any significant and systematic tendency. The asymptotic dispersion coefficients LAM and TAM determined for all cases as the average of the time-dependent dispersivities over the last fourth of the presented time span do not vary more than 2% in the longitudinal direction and 4% in the transverse direction. 
¼400
2 is more than enough to simulate ergodic initial conditions and to provide an exhausting sampling of the velocity field.
Results
[8] We study the temporal development of the longitudinal and transverse dispersivities in the first subsection in order to determine relevant ways to estimate the macrodispersivities presented in the second subsection.
Temporal Development of Dispersivities
[9] Figure 2 displays the temporal evolution of the dimensionless effective dispersivities as computed by equation (4). Particles are injected proportionally to the local flows in most of the transverse section. These conditions ensure the consistency of the velocity field sampling and minimize the convergence time to the asymptotic regime. The time necessary to reach the asymptotic regime is around the advection time (/k<v>k) at low levels of heterogeneity for the longitudinal dispersivity ( Figure 2a (5)) and for the fit LT t ðÞ(equation (6)).
longitudinal macrodispersivity for 2 Y 1 (green and orange curves) have converged to their asymptotic values. In these cases, a relatively small system size L L of 102.4 is enough to reach the convergence. The macrodispersivity can be directly estimated as the average of the effective dispersivity once the asymptotic regime has settled. Practically, we take the average of k t ðÞover the last fourth of the simulation time range extending from the injection time (t¼0) to the first breakthrough time t b :
where kAM is the macrodispersivity in direction k. The indices ''A'' and ''M'' stand respectively for the words asymptotic and mean (late-time average). The first breakthrough time t b corresponds to the time at which the first particle steps out of the simulation domain. Since the evaluation of plume statistics would be biased at later times, we limit the time range to t b . The average over a wide interval of a fourth of t b filters out the small temporal variations still remaining after averaging over 500 realizations.
[10] The definition (5) of the asymptotic macrodispersivity can be used for the transverse macrodispersivity at all levels of heterogeneity and for the longitudinal macrodispersivity at low to intermediary levels of heterogeneities ( 2 Y 4). However, for the longitudinal macrodispersivity at the highest levels of heterogeneities ( 2 Y > 6:25), the convergence is much slower to establish and, at best, just reached in the available time range or not yet reached (Figure 2a ). LAM is a lower estimate of the effective asymptotic dispersivity. The longitudinal system size has been set to the maximum that we could reach (L L /¼1638.4). We define an alternative characterization of the longitudinal macrodispersivity by extending the rate of convergence of the preasymptotic regime to convergence through an empirical well chosen fit. Longitudinal effective dispersivity first increases linearly with time (t<1), than as a power law and eventually converges exponentially to its asymptotic value (Figure 2a ). For t>1, the temporal development of effective dispersivity can thus be heuristically described by:
with LAF the estimated longitudinal macrodispersivity, t LF a characteristic convergence time to the longitudinal asymptotic regime and a LF the characteristic power-law exponent of the initial increase. The index ''F'' stands for Fitting. The best fit of L t ðÞby f L (t) displayed on Figure 2a by the lines shows the relevance of equation (6) to the longitudinal effective dispersivity at all heterogeneity levels. The initial power-law increase characterized by the exponent a LF strongly depends on the heterogeneity level (Table 1) . At low levels of heterogeneities, it is linear consistently with available predictions (equation (1)) while, at higher levels of heterogeneities, the rate of increase slows down critically to scale as t 0.4 at 2 Y ¼ 7:56. Note that this type of slow powerlaw increase is specific to the 3-D case, as the 2-D longitudinal effective dispersivity follows more a linear and then exponential rate of convergence at high heterogeneity levels . The characteristic time to reach the asymptotic regime t LF also sharply increases with 2 Y .I t increases exponentially over 2 orders of magnitude from 2 Y ¼ 1 to 7.56 (Figure 3) . The asymptotic regime has never been approached for 2 Y ¼ 9 in the longitudinal direction within the available simulation time (Figure 2a) . We conclude that the transverse effective dispersivity converges much faster than the longitudinal effective dispersivity to the asymptotic regime at high heterogeneity levels and that heterogeneity slows down critically the convergence rate to the longitudinal macrodispersivity. Whatever the case, the previous analysis gives ways to estimate the macrodispersivities. In the transverse direction, macrodispersivity can be estimated by the late-time averaging of equation (5). In the longitudinal direction, both the late-time estimation and the fitting methods of equations (5) and (6) (5)) and LAF obtained from equation (6) are compared to those obtained fully analytically by perturbative analysis [Gelhar and Axness, 1983] and half analytically by full transport simulations on a first-order approximation of the velocity field [Dentz et al., 2002; Schwarze et al., 2001] . At low level of heterogeneities, the numerically obtained macrodispersivities are closer to those of Gelhar and Axness. [1983] in the longitudinal direction and to those of Dentz Schwarze et al. [2001] in the transverse direction (see Table 2 ). In the longitudinal direction for 2 Y > 1, divergence from the analytical approximations increases faster in 3-D than in 2-D.
[12] At moderate to high levels of heterogeneities ( 
[13] The longitudinal macrodispersivity is much larger than the linear prediction of Gelhar and Axness [1983] and than its 2-D equivalent recomputed here using exactly the same assumptions as in 3-D and the late-time averaging method of equation (5). The strong difference to the full perturbative solution is expected as it was already the case in 2-D. The large differences between the 2-D and the 3-D cases show that the Euclidean dimension does not only impact the transverse macrodispersivity but also the longitudinal one. The 3-D longitudinal macrodispersivity is twice larger than the 2-D one for 
[14] The coefficients in front of the linear and quadratic terms are only slightly different from those obtained with an exponentially correlated permeability field . In 3-D, LAF and LAM are close together and increase rather exponentially than quadratically with 
[15] We underline that LAF and LAM are first estimates of the asymptotic longitudinal dispersivity that may be slightly modified by larger simulations. However, their exponential increase at moderate to high level of heterogeneities will remain relevant especially as LAM is an underestimate of the effective value for 2 Y ! 6:25.
[16] While the longitudinal and transverse macrodispersivities display very different types of variations, their rate LAF = TAM is less variable between 100 and 200, close to the value of 250 obtained for spherical inclusions at 2 Y ¼ 4 [Jankovic et al., 2003] . It remains very high showing that the longitudinal macrodispersivity is at least 2 orders of magnitude larger than the transverse macrodispersivity. [Gelhar and Axness, 1983] (Column ''Gelhar'') and to the Estimates Obtained on Synthetic Velocity Fields Derived From First-Order Approximation by Dentz et al. [2002] (Column ''Dentz'') and Schwarze et al. [2001] (Figure 4a ) is compared to the values obtained numerically for equivalent 2-D systems (blue squares) and to the perturbative approximation (red line) [Gelhar and Axness, 1983] .
[17] We conclude that the longitudinal macrodispersivity increases exponentially with 
Discussion and Conclusion
[18] Nonvanishing 3-D transverse macrodispersivities has been explained in terms of the flow lines structure. In 3-D, flow lines can alternatively converge and diverge without intersecting [Attinger et al., 2004] . This mechanism already qualified as twiggling and intertwinning is enhanced by permeability structures that deflect the flow lines from the main flow direction as do for example elongated ellipsoidal inclusions [Jankovic et al., 2009] . For the case of highly heterogeneous media, deflecting comes from the low-velocity regions and induces a braiding of the channels (high-velocity zones). These mechanisms are negligible at low levels of heterogeneities ( (7)).
[19] To get some more insights on the structure of the flow lines, we characterize the structure of the flow lines by a transverse dimensionless tortuosity parameter that evaluates their expansion transversally to the main flow direction:
where we recall that x j;i k u ðÞis the position of the particle j in the simulation i in the direction k (k¼2,3) at time u and d is the Euclidean dimension of the embedding space. In Figure 5, (t) is the characteristic transverse scale of the cylinder in 3-D or of the tube in 2-D within which the flow line has expanded from the onset of the simulation to the time t.
is much large in 3-D than in 2-D and it keeps increasing in 3-D while it converges quickly in 2-D. The convergence in 2-D is expected and is consistent with the vanishing transverse dispersion. Asymptotically, gives the typical width of the flow tube within which the flow lines remain confined. In 3-D, flow lines expand within a widening cone and their extension in the direction transverse to the main flow direction is not limited. By itself, this characteristic of the flow lines qualitatively explains the nonvanishing 3-D transverse dispersion. We underline that this transverse dispersion mechanism does not require any local diffusion or dispersion to be activated as it solely relies on the structure of the flow lines. Here it is activated by the ergodic nature of the injection conditions. It will be likely enhanced by any additional local diffusion or dispersion. It could also be critically be enhanced by temporal fluctuations of the flow conditions, which are already known to be an alternative cause of nonvanishing transverse dispersion in presence of heterogeneity [Rehfeldt and Gelhar, 1992] .
[20] The longitudinal macrodispersivity is also critically impacted by the Euclidean dimension. It is much larger in 3-D than in 2-D for 2 Y ! 2:25. However, it does not display the same type of behavior as the transverse macrodispersivity. It increases exponentially with 2 Y (equation (9)) while the transverse macrodispersivity increases quadratically and it converges more slowly to the asymptotic regime. This latter observation has also been reported for 2-D heterogeneous systems submitted to temporal velocity fluctuations [de Dreuzy et al., 2012a] . Because of these significant differences in the behaviors, the mechanisms at the origin of the longitudinal and transverse macrodispersivities are not identical. The braiding of the flow lines responsible for the transverse dispersion may be either superseded or supplemented by other mechanisms like the long-range correlations of the velocity field promoted by heterogeneity [Le Borgne et al., 2007 , 2008a .
[21] In fact, the Lagrangian correlation structure of the velocity field in the longitudinal direction has proven to have a strong influence on the longitudinal macrodispersion. If some of the correlation is destroyed by either diffusion, dispersion or temporal fluctuations, the longitudinal macrodispersion drops significantly [Beaudoin et al., 2010; de Dreuzy et al., 2012a] . As the dependence of the spatial correlation length of the velocity field to its magnitude can be linked to the upscaled dispersion using a correlated CTRW framework [Le Borgne et al., 2008a , 2008b , we plan to compare the 2-D and 3-D Lagrangian velocity correlations to explain the strong increase of the longitudinal dispersion from 2-D to 3-D. We finally expect significant impact of the dimensionality on mixing as mixing has already been found to be highly sensitive both to the longitudinal and transverse dispersions de Dreuzy et al., 2012b; Rolle et al., 2009] . 
